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S-SPECTRUM AND ASSOCIATED CONTINUOUS FRAMES ON 
QUATERNIONIC HILBERT SPACES 

M. KHOKULAN\ K. THIRULOGASANTHAR^ B. MURALEETHARAN^ 


Abstract. As needed for the construction of rank n continuous frames on a right 
quaternionic Hilbert space the so-called S-spectrum of a right quaternionic operator is 
studied. Using the S-spectrum, as for the case of complex Hilbert spaces, along the lines 
of the arguments of Ann.Phys., 222 (1993), 1-37., various classes of rank n continuous 
frames and their equivalencies on a right quaternionic Hilbert space are presented. 


1. Introduction 

Frames were first introduced by Duffin and Schaeffer in a study of non-harmonic 
Fourier series m- However, among many others, the pioneering works of Daubechies 
et ah brought appropriate attention to frames BM- Wavelets and coherent states of 
quantum optics are specific classes of continuous frames [3]. The study of frames has 
exploded in recent years, partly because of their applications in digital signal processing[71 
and other areas of physical and engineering problems. In particular, they are an 
integral part of time-frequency analysis. It is crucial to find a specific class of frames to 
fit to a specific physical problem, because there is no universal class of frames that hts to 
all problems. As technology advances, physicists and engineers will face new problems 
and thereby our search for tools to solve them will continue. 

A separable Hilbert space possesses an orthonormal basis and each vector in the Hilbert 
space can be uniquely written in terms of this orthonormal basis. Despite orthonormal 
bases are hard to find, this uniqueness restricted flexibility in applications and pleaded 
for an alternative. As a result frames entered to replace orthonormal bases. Frames are 
overcomplete classes of vectors in Hilbert spaces. Thereby a vector in the Hilbert space 
can have infinitely many representations in terms of frame vectors. This redundancy of 
frames is the key to their success in applications. The role of redundancy varies according 
to the requirements of the application at hand. In fact, redundancy gives greater design 
flexibility which allows frames to be constructed to fit a particular problem in a manner 
not possible by a set of linearly independent vectors BBBB- 

Hilbert spaces can be defined over the fields R, the set of all real numbers, C, the set of 
all complex numbers, and H, the set of all quaternions only [T]. The fields R and C are 
associative and commutative and the theory of functional analysis is a well formed theory 
over real and complex Hilbert spaces. But the quaternions form a non-commutative 
associative algebra and this feature highly restricted mathematicians to work out a well- 
formed theory of functional analysis on quaternionic Hilbert spaces. Further, due to 
the noncommutativity there are two types of Hilbert spaces on quaternions, called right 
quaternion Hilbert space and left quaternion Hilbert space. In assisting the study of 
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frames the functional analytic properties of the underlying Hilbert space are essential. 
In the sequel we shall investigate the necessary functional analytic properties as needed. 

To the best of our knowledge a general theory of frames on qnaternionic Hilbert spaces 
is not formulated yet. In this manuscript we shall construct rank n continuous frames on 
a right qnaternionic Hilbert space following the lines of [2]. While the complex numbers 
are two dimensional the quaternions are four dimensional; the increase in the dimension 
is expected to give greater flexibility in applications. 

2. Mathematical preliminaries 

We recall few facts about quaternions, qnaternionic Hilbert spaces and qnaternionic 
fnnctional calculus which may not be very familiar to the reader. For quaternions and 
qnaternionic Hilbert spaces we refer the reader to [T] . We shall use the recently introduced 
S-spectral calculus of quaternionic operators for which we refer to da El El s]. 

2.1. Quaternions. Let H denote the field of quaternions. Its elements are of the form 

q = xo+xii+X 2 j+x^k, where xq, xi, X 2 and X 3 are real numbers, and i, j, k are imaginary 
units such that = k'^ = —1, ij = —ji = k, jk = —kj = i and ki = —ik = j. 

The qnaternionic conjugate of q is defined to be g = xq — xii — X 2 j — x^k. Qnaternions 
do not commute in general. However q and q commute, and quaternions commute with 
real numbers. \q\‘^ = qq = qq and qp = pq- Since the qnaternion field is measnrable and 
locally compact we take a measure dp on it. For instant dp can be taken as a Radon 
measure or dp = dXdcu, where dX is a Lebesgue measure on C and doj is a Harr measnre 
on SU{2). For details we refer the reader to, for example, dB] (page 12). 

2.2. Right Quaternionic Hilbert Space. Let be a linear vector space under right 
multiplication by quaternionic scalars (again H standing for the field of quaternions). For 
(/>,' 0 , 0 ; e and g € H, the inner product 

(• I •) : xv^^m 

satisfies the following properties 

(i) {(j) \ ^p) = {ijj \ (f)) 

(ii) ||(/>|p = ((/) I 0) > 0 unless (/) = 0, a real norm 
(hi) {(j) \ i!) + uj) = {(j) \ i!)) + {(j) \ uj) 

(iv) (0 I il^q) = {(j) I ^j;)q 

(v) {(j)q I Ip) = q{4> I Tp) 

where q stands for the quaternionic conjugate. We assume that the space is complete 
under the norm given above. Then, together with (• | •) this defines a right qnaternionic 
Hilbert space, which we shall assume to be separable. Quaternionic Hilbert spaces share 
most of the standard properties of complex Hilbert spaces. In particular, the Cauchy- 
Schwartz inequality holds on quaternionic Hilbert spaces as well as the Riesz represen¬ 
tation theorem for their duals. Thus, the Dirac bra-ket notation can be adapted to 
quaternionic Hilbert spaces: 

\ 4>q) =\ {(t>q\=q{4>\, 

for a right qnaternionic Hilbert space, with \(p) denoting the vector cp and ((/)| its dnal 
vector. Let A be an operator on a right quaternionic Hilbert space with domain V^. 
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The scalar multiple of A should be written as qA and the action must take the form 

[mug] 

(2.1) (qA) I (/)) = (^ I (/)})q. 

Unless q is real the scalar multiple qA of a right linear operator is not necessarily right 
linear and several other usual properties of a scalar multiple of an operator may not hold 
[nmzms]. The adjoint A^ of A is defined as 

(2.2) {ijj I A(J)) = (A^'ili I (/)); for all 4>,'ip & 

An operator A is said to be self-adjoint \i A = A^ . If (/> G 1^ \ {0}, then |</>)(</>| is a rank 
one projection operator. For operators A, B, by convention, we have 

(2.3) \A4>){Bcl>\=A\<f>){<f>\B^. 

Let 'D(A) denote the domain of A. A is said to be right linear if 

A((/)g -I- ipp) = (A(j))q + {B'ip)p-, V0, V’ G T’(A), G H. 

The set of all right linear operators will be denoted by C(V^). For a given A G £(1^), 
the range and the kernel will be 

ran(A) = {lA G Vw I = V’ for G T’(A)} 

ker(A) = {(/> G V(A) \ Acj) = 0}. 

We call an operator A G B(V-^) bounded if 

||A|| = sup ||A(()|| < oo. 

or equivalently, there exists iL > 0 such that \\A(f)\\ < iL||(/)|| for cf) G 'D(A). The set of 
all bounded right linear operators will be denoted by The following definition is 

the same as for the complex operators m- In terms of this definition, we shall validate 
some properties of operators, using S-spectrum, as needed. 

Proposition 2.1. Let A G Then A is self-adjoint if and only if for each cj) G 1^, 

(Ac)) I (^) G M. 

Proof. A proof is given in m for a left quaternionic Hilbert space and it can be 
easily manipulated for 1^. For a proof for the sufficient part one may also see proposition 
2.17 (b) in [H]. □ 

Definition 2.2. Let A and B be self-adjoint operators on V^. Then A < B (A less or 
equal to B) or equivalently H > A if {A(l)\cj)) < {Bcj)\<fi) for all 4> G In particular A is 
called positive if A > 0. 

Theorem 2.3. [12j Let A G B(V^). If A > 0 then there exists a unique operator in 
B{V-^), indicated by y/A = A^/^ such that y/A > 0 and y/Ay/A = A. 

Lemma 2.4. Let and be right quaternion Hilbert spaces. Let A : 'D(A) —> 
be a linear operator with domain P(A) C [7]^ and ran(A) C Vj^, then the inverse A~^ : 
ran(A) —)■ V(A) exists if and only if Acj) = 0 ^ (p = 0. 


Proof. Since the non-commutativity of quaternions does not play a role in the proof, it 
follows from its complex counterpart. □ 
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For a positive bounded right quaternionic self-adjoint operator A let 

(2.4) M{A) = sup {(t)\A(l)) and m{A) = inf {(j)\A(l)). 

Lemma 2.5. Let A S BiV-^) he a self-adjoint operator, then 

(2.5) Pll = sup \{(p\A(f))\ 

\m=i 

Proof. In fact, the non-commutativity of quaternions does not play a role in the proof, 
the proof follows from its complex counterpart. One may also see m where a proof is 
given. □ 

Let 

GL{V^) = {A : : A bounded and A~^ bounded} . 

Then in a standard way one can see that GL[Vj^) is a group under the composition 
operation. 

2.3. S-spectrum of a right quaternionic operator. A consistent spectral theory for 
quaternionic operators is not so obvious. The problem in adapting the classical notion of 
spectrum to either the left or right quaternionic operators is well explained in [U EJ |6l [12] . 
In the same references an appropriate notion of spectrum for quaternionic operators is 
introduced. This new-notion of spectrum is called the S-spectrum. From we 

shall extract the definition and some properties of S-spectrum for a right quaternionic 
operator as needed here. We shall also prove certain results, pertinent to the construction 
of frames, related to S-spectrum. To the best of our knowledge the results we prove do 
not appear in the literature. 

Definition 2.6. [6] Let A : be a bounded right quaternionic linear operator. 

We define the S-spectrum cr 5 (A) of A as 

cr 5 (A) = {A G El : R\{A) = A^ — 2Re{X)A -|- is not invertible in .S(l^)}, 

where A = Aq -|- Aii -|- X 2 j + X^k is a quaternion, Re{X) = Aq, [Ap = Ag -|- Af -|- A| -|- A| 
and lyR is the identity operator on I^. The S-resolvant set ps{X\.) is defined by 

ps{A)=M\as{A). 

Or equivalently, the spherical resolvent set of A is the set ps{^) C El of quaternions A 
such that the three following conditions hold true: 

(a) ker(i?A(^)) = {0} 

(b) ran(i?A(^)) is dense in 1^ 

(c) i?A(^)~^ : ran(i?A(^)) —^ D{A^) is bounded. 

The S-spectral radius of A is defined as 

rs{A) = sup{|q| G M+ I q G ^^(A)}. 

Proposition 2.7. jU [12] If A is a bounded right linear quaternionic operator in I^, 
then the S-spectrum of A is a compact non-empty subset of El. 

Proposition 2.8. [4l[T2]Let A G C{y^) and A be self-adjoint, then ct 5 (A) C M. 

Proposition 2.9. [12j Let A G B(V^), then r 5 (A) < ||A||. In particular, if A is self- 
adjoint then rs{A) = ||A||. 
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Proposition 2.10. [1] If A G positive and self-adjoint, then cJ5(y4) C [0, ||^||]. 

Proposition 2.11. [12] If A G B{V-^) and A G El with |A| > ||A||, then A G ps{-^)- 
Proof. It is another way of stating the result of Theorem 4.3 part(a) of [12]. □ 

Proposition 2.12. Let A be a positive self-adjoint operator. Then, for any </>,'(/’£ 

(a) I {A<f> I ijj) p< (Acj) I <i>){A'il) I ■0) (Generalized Cauchy Inequality). 

(b) \\Acff<\\A\\{Acf\cf). 

Proof. Let 0,0 G I^. If 0 G kev A, as A is self-adjoint, then (a) is obvious. Assume 
0 0 ker A, then for any A, /x G H, as A is positive and linear, we have 

0 < {A{4>X — ifp) I (0A — 0/i)) = A(A0 I 0)A -|- /x(A0 | 0)/x — A(A0 | 0)/x — 7x(A0 | 0)A. 
Choosing A = (A0 | 0) and p = (A0 | 0), we obtain: 

(A0 I 0)[(A0 I 4>){A'if I 0)— I (A0 I 0) p] > 0 


as A is self-adjoint. Therefore, since A is a positive operator, we have 

I (A0 10) p< (A0 I (f){Aip I 0). 

Let 0 G VjI^. If 0 G ker a, then the result (b) is obvious. So assume that 0 0 ker A. 
Using (a) with 0 = A0, we have 

||A0f =1 (A0 I A0) p < (A0|0)(A20| A0) 

< (A0|0)||A20||||A0|| 

< (A0|0)||A||||A0f 

and the result (b) follows with a division by ||A0|p. □ 


Proposition 2.13. If A G BiV^) and there exists c > 0 such that ||A0|| > c||0||, for all 
0 G then the range, ran(A), of A is closed. 


Proof. Let {0n} be a sequence in ran(A) such that 0„ —>■ 0 as n —> oo. Then there 
exists a sequence {0n} such that fjn = A0„, for all n G N. Using the fact that any 
convergence sequence is Cauchy, and 

||0m 0n|| ^ ~||A(0m 0n)|| = ~||0m 0n||) 

C C 

we have {0n} is Cauchy and 0n —> 0 as n —> oo for some 0 G Ijf. Hence 0 = A0 as 
A is continuous. This concludes the result. □ 

Proposition 2.14. If A G GL{V^), then 0 0 (T 5 (A). 

Proof. Suppose that, 0 G as{A), then A^0 = 0, for some 0 G V-^ \ {0}. From this, 
we have A0 = 0, and 0 G ker A / {0}, or A0 / 0, and A0 G ker A / {0}. Hence 
A 0 GL{Vi). □ 

Proposition 2.15. If A G B{V^) and A is self-adjoint, then 

(2.6) m(A) = inf (A0|0) = max{a G M I al-^R < A}, 

\\<j>\\=i ' % 

(2.7) M{A) = sup (A0I0) = min{a G M | A < o/yfl}, 

11011=1 “ 


and 


(2.8) 


||A|| = max{|m(A)|,|M(A)|} 
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Proof. The proof follows its complex counterparts. For the sake of completeness we 

provide the proof of (12.61) . Since m{A) = inf {Af) \ 4>), we have m{A) < {Acf \ 4>), for 

ll'/’INi 


tp Ip 


. This 


all p G 1^ with ||(/)|| = 1. Let ip G 1^ with ip 0, then m(A) < 

implies that m(^)||V'|p < {Aip \ ip), or equivalently {m{A)IyR ip \ ip) < {Aip \ ip). Thus 
m{A)IyR < A and therefore 


(2.9) 


m{A) G {a G M I alyR < A}. 


Now let a G {a G M I oiIyR < ^4}, then one can easily see that a < {Ap \ p), for all p G 

with ||(/)|| = 1 and hence a < inf|| 0 ||=i(A(/) | p) = m{A). This together with (12.9p 
proves (| 2 . 6 p . □ 


Proposition 2.16. Let A be a positive self-adjoint operator and M[A) and m[A) be as 
in (12.41) . If A ^ [m{A), M{A)], then 

(a) R\{A) is one to one and ran {R\{A)) is closed. 

(b) ran(fiA(^)) = Vjf. 

Proof. Suppose that A p [m{A),M{A)] and d =dist(A, [m{A), M[A)]). Let p G 1^ with 
||i;/)|| = 1 and /r = {Ap \ p), then {{A — ^IyR)p | (/>) = 0. Now using proposition (I2.12j) . 
we have 


( 2 . 10 ) II (^ — lxIyR)p\\^ < 11 ^ — ((^ “ I — 0 - 

Again using proposition (j2.12p together with (j2.10p . we get 

(2.11) ||(A - f^IyR)^Pf < P - filyRf ||(A - fiIyR)Pf = 0. 

Now, (I2.10p and (j2.1ip imply 

\\RX{A)P\\ = \\[{A-f,IyR)-{XIyR-flIyR)]^P\\ 

M MM 

= ||(A - fJ,IyR)'^p - 2{A - flIyR){\IyR - /J'P«)</> + 

^ I ll(^ “ ~ ~ II “ P(^ ~ ~ ^'^V'^'^‘^11 

> II ll(^-Pi/«)^</>l|-P-^lP-2| A-//| ||(A-/iPfl)(/.|| I as Pll = 1 
= I A - ^ > 0. 

It follows that 


( 2 . 12 ) \\RxiA)iP\\ > d^PW for all P G V^. 

Hence R\{A) is one to one and, by the proposition (I2.13p . ran(iiA(^)) is closed, this 
concludes the result (a). 

Assume that there exists (p G \ {0} such that T ran (i?A (^)) • Then, since A is 
self-adjoint, for all p G V^, 

((A - A/yfl)p \p) = {p\{A- A/yfl)V) = 0 . 

Therefore R\{A)lp = {A — XIy^)'^p = 0 and it contradicts (|2.12l) . Thus ran (iiA(A))'’“ = 
{0} and so ran {Rx{A)) is dense in V^. Hence the results follow. □ 


Proposition 2.17. If A is a positive self-adjoint operator and M{A) and m{A) are as 
in (12.41) . then as{A) C [m(A),M(A)]. 
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Proof. Suppose A ^ [m{A),M{A)]. Then by the proposition (I2.16p . Rx{A)~^ exists and 
for each if € there is a unique (p S such that 'ip = R\{A)c/). We can easily see, 

from (12.121) in the proof of proposition (I2.16p . 

||R,(>1)-V|| = ||^.|| < i||«||, 

where d =dist(A, M(^)]). Thereby G That is, A ^ 175 ( 74 ). 

Hence the conclusion follows. □ 


Proposition 2.18. If H is a positive self-adjoint operator and M{A) and m{A) are as 
in (12.41) . then M{A),m{A) G < 75 ( 74 ). 


Proof. From (12.61) in the proposition (I2.15p . we have for every n G N, there exists ^pn G 
\ { 0 } with ||i/;|| = 1 such that 


and hence we hold 


Therefore 


m{A) + - > {Alpn I Ipn) 
n 


0 < ((74 - m{A)IyR)lpri I ipn) < -• 

H n 


(2.13) lim ((74 - m{A)IyR)i)ri \ V’n) = 0. 

n^oo H 

Now assume that m{A) G ps{A). Then Rm{A) = (A — m{A)IyR)‘^ is an invertible 

bounded linear operator on V^. Also note that, since A is self adjoint so are Rm{A) and 
A — m{A)IyR. Then for every re G N, using proposition (I2.12p . we have 

l = Unf = \\Rm{A)-^Rm{A)fjnf 

< \\Rm{A)-^\\{i,n\R^{A)f;n) 

^\\{Rm{A)'lpn\'lpn) 

^\\{{A - m{A)IyRflPn\i’n) 

^11 ((A - m{A)IyR)'ipn\{A - m{A)IyR)ipn) 

^\\\\{A - m{A)IyR)'iPnf 

< \\RmiA')~^\\\\{A-m{A)IyR)\\{{A-m{A)IyR)lpn\lpn), 


Rm{A)-^' 

Rm{A)-^' 
Rm{A)-^' 
Rm{A)-^' 


which contradicts (j2.13p . Hence m{A) G ( 75 (A). By the same token 
—M{A) = max{a G M | c».Iv^ — ~A} G C75(— A). 

That is, (—A -|- M{A)IyR)‘^ = (A — M{A)IyR)‘^ is not invertible. Therefore, M{A) G 
( 75 (A) and this completes the proof. □ 

Remark 2.19. If A G GL{V^) is positive and self-adjoint, then by propositions (I2.10p . 
(j2.14l) and (j2.I8l) we have 0 < m(A), M[A) < 00 . 

Proposition 2.20. Let A G B{V^) and A be self-adjoint, then 


(2.14) 

m[A) 

= min{A A G ( 75 (A)} 

(2.15) 

M{A) 

= max{A A G ( 75 (A)} 

(2.16) 

Pll 

= max{ A A G ( 75 (A)} 
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Proof. These results are immediate consequences of propositions (12.181) . (I2.17P and equa¬ 
tion () 2 . 8 p . □ 


Proposition 2.21. Let A G be a self-adjoint operator. Then, 

(a) A is positive if and only if m{A) > 0 

(b) A is positive and A~^ G 13{V^) if and only if m(A) > 0. 

(c) if m{A) > 0, then A~^ is a positive self adjoint operator, and min(T 5 (A“^) = 
M{A)~^ and maxcr^PA”^) = m{A)~^ 


Proof. For (a), suppose that A is positive, then {Aip\ip) > 0 for all ip G 1^. Thus 
m{A) = inf {Ap\p) > 0. Conversely suppose that m{A) > 0. Now let cj) G with 

(/) / 0. If we take if = ||^! then ||'0|| = 1 and by the definition of m{A), we get 

> 0 and thereby {A(p\<fi) > 0. Hence A is positive.For (b), suppose that A 
is positive and invertible. Since A is positive we have m{A) > 0. So it is enough to 
show that m{A) > 0. On the contrary assume that m{A) = 0. Since m(A) G 
A^ — 2m(A)A -|- m(A)^ ly^ is not invertible. That is, there exists p ^ 0 such that 
(A^ — 2m{A)A -|- m{A)‘^IyR)p = 0. Since m(A) = 0, we have A^p = 0. From the 
invertibility of A, it follows that (/? = 0 which is a contradiction. Hence m(A) > 0. 
Conversely suppose that m{A) > 0. Therefore from (a), A is positive. Now since 
m(A) > 0, by (12.141) . it is easy to see that A > m(A) > 0 for all A G as{A). Hence by the 
proposition (I2.14p . A is invertible. Further, from (12.61) using Cauchy-Schwarz inequality, 
it directly follows that for all (f G 1^, ||Ai;^|| > m(A)||(/)||. This suffices to conclude that 
A~^ G B{V^). For (c), suppose m(A) > 0. By (b), A is positive and invertible. Since 
A is self-adjoint, clearly A~^ is self-adjoint. From the existence of A~^ we have that, for 
any given G 1^, there exists cj) G 1^ such that (f = A~^fj. Then 


(A V I V') = {ip\ 

= {fj I A~^'il)) (as A~^ is self adjoint) 

= (At)) I ()>) > 0 (as A is positive). 

Thus A~^ is positive. Since M{A) G (T 5 (A), — 2M{A)A + M{A)‘^IyR)cj) = 0, for some 

4> ^ 0. Since A is invertible, we get lyRcj) — 2M{A)A~^(p -|- M{Af^{A~^)‘^(f = 0. Hence 


((A-^)^ - 


A-' + 




M(A) M(A)2 

Therefore M{A)~^ G (T 5 (A“^). Hence M{A)~^ > min( 75 (A“^). On the other hand, let 
p G cr 5 (A~^), then ((A~^)^ — 2pA~^ + p^IyR)4> = 0, for some 4> 0. Since A~^ exists, 

we get UyR — 2pA -|- p^A^)(j) = 0 and (A^ — 2— A -|-^/t/h)()> = 0. Thus — G ( 75 (A). 

H p 'a p 

Hence from (I2.15p . we have ^ < M{A). That is, M(A)“^ < p, for all p G (J 5 (A“^). 
Thereby M{A)~^ < min( 75 (A“^) and we conclude that M{A)~^ = min( 75 (A~^). In a 
similar manner one can also prove that m{A)~^ = max( 75 (A“^). □ 


Proposition 2.22. Let (the class of unitary operators) 

U{V^)-. ={U:V^^V^ -. t/t/t = U^U = lyR}. 
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Let A G GL(Vjf), then = (Ts(UAU^), for all U G 

Proof. One can easily obtain that R\{UAU^) = UR\{A)U^ has an inverse in it 

and only if R\{A) has such an inverse. Thus if A ^ as{UAU"^) then A ^ (Ts(^), and vice 
versa. Hence < 75 (A) = as{UAU^). □ 


3. Discrete frames on a finite dimensional right quaternion Hilbert space 

In a finite dimensional quaternion Hilbert space the discrete frame theory does not 
deviate from its complex counterpart. In fact the non-commutativity of quaternions 
plays a very little part if one follows the lines of the complex theory presented in [7]. 
However, in duplicating it one should be aware of the conventions of a right quaternion 
Hilbert space. An interested reader can consult m, where we have verified this fact. In 
this regard, we write down the definition and move to the continuous theory. 

Definition 3.1. Let I^ be a finite dimensional right quaternion Hilbert space. A 
countable family of elements {4>k}kei ™ ^ frame for if there exist constants 

A, B > 0 such that 

(3.1) A Uf < < B Uf , for all cf G <. 

kei 

The numbers A and B are called frame bounds. They are not unique. The optimal 
lower frame bound is the supremum over all lower frame bounds, and the optimal upper 
frame bound is the infimum over all upper frame bounds. A frame is said to be normalized 
if \\4>k\\ = 1) for all k £ I. 


4. Continuous frames in a right quaternion Hilbert space 

In this section we shall investigate the rank n continuous frames on a right quaternion 
Hilbert space. In particular, we shall follow the lines of arguments presented in [2] for 
the complex theory. The difficulty in transferring the complex theory to quaternions 
arises, besides the non-commutativity of quaternions, in the use of the spectral theory 
of operators. Since we did not have a viable spectral theory for quaternion operators, 
this task appeared difficult so far. However, the recently studied S-spectral theory for 
quaternion operators is promising. Using the S-spectrum of a positive bounded self- 
adjoint right quaternion operator, we present rank n continuous frames in the following. 

Theorem 4.1. For each g G H, let the set {r/® : z = 1, 2, • • • , n} be linearly independent 
in I^. We define an operator A by 

n « 

(4.1) / Wg ){ vl \ dF { Q ) = A 

i=i 

and we always assume that A G GL{V^). Then the operator A is positive and self adjoint. 
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Proof. Let 0,'i/’ G then^(|(/>)) = ^ |r/*) (r/*|(/>) dn{q). Since = {A\(j)))^ 

we have 


i=l 


(Acflf;) = \ril) {rillf}) diJ.{q) 


^ i=l 


/ {(l>\i’q) {v\\'^) Mq) = . 

i=l -tH 


Therefore, ^ is self adjoint. Since, for (f> G 14?, 


{A(f\(j)) = Y {^\vl){^\r]i)dfiiq)=Y \{^K)\ dliiq)>0, 

^ Jh “T 


i=l 


A is positive. 

Theorem 4.2. For cp G 14?, we have 


(42) m(/l)ll^.|l" < E / < M(2l)ll^'ll' 

fcilK 

Proof. To prove (|4.2P ' as in Theorem 14.1[ we have 

n « 

(4.3) {(l)\A(t)) = Y \{(I^Wg)fdn{q). 


2=1 


/e 


From proposition ()2.15p we have 

m{A)IyR < A < M{A)IyR. 

Therefore, from f|4.3p , we get 

n „ 

m{A)\\(l)f <Y \idlW'^dn{q) < M(Al)||(/.|p 

i=i 


□ 


□ 


The inequality (|4.2I) presents the frame condition for the set of vectors 

{dq G 1^ M = 1) 2, • • • , n, q £ H} 

with frame bounds m{A) and M{A). Now let us define a rank n frame. 

Definition 4.3. A set of vectors {ry* G 1^ | i = 1, 2, • • • , n, g G H} constitute a rank n 
right quaternionic continuous frame, denoted by F{rf^, A,n), if 

(i) for each g G H, the set of vectors {r/® G tjf | 1 = 1, 2, • • • , n} is a linearly 
independent set. 

(ii) there exists a positive operator A G GL{V^) such that 

n « 

Y / H)Wg\dKQ) = A. 

i=l 
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Theorem 4.4. Let A,n) be as in definition O- Define = A ^ 77 *; i = 
l,2,...,n, gEH. Then -F(r 7 *, A~^,n) forms a rank n quaternionic continuous frame and 
it is called the dual frame of F{r]q, A, n). 

Proof. From (j2..Sj) it is clear that 


(4.4) 


n « 

i=i 


From proposition ()2.2ip we have 

M{A)~^IyR < A~^ < m{A)~^IyR, 

therefore we readily obtain the frame condition, for S 4^, 


(4.5) 


Remark 4.5. 


M{A) 


-ii 


< 


n „ 

E /1® 


^^dqi{q) < m{A)' 


□ 


• The quantity W{F{r]g, A, n)) = ^ is called the width or snugness of 

the frame F{rig,A,n). Clearly 0 < W{F{rfg, A,n)) < 1, and W{F{rig, A,n)), in a 
manner, measures the S-spectral width of the frame operator A. 

• A frame F{r]g,A,n) is called tight if yV{F{rjg, A,n)) = 0, that is A = M{A)IyR, 
and it is called self-dual if A = /vh- 

H 

• A frame F{r]g, A,n) and its dual F{rfg, A~^,n) have the same frame width. 

Associated naturally to any frame F{rjg, A,n) there is a self-dual tight frame. We 
present it next. 

Proposition 4.6. Let F{'ifg,A,n) be a frame and let fjg = A~^^^r]g, then F{fig, IyR,n) 
is a tight frame and it is self-dual. 

Proof. From (j2.3p it is clear that 

n « 

( 4 - 6 ) / \'^l) 


2=1 


m 


□ 


and thereby, for E V^, YTi=i !m\^%\4>)?dn{q) = Wfif. 

Proposition 4.7. Let F{r]g,A,n) be a frame and T E GL{V^). If we take r)® = Try®, 
then F{fjg,TAT^ , n) is a frame. 

Proof. From (j2.3p it is clear that 


(4.7) 


n p 

E / \vl){vl\dT{q) = TATl 

i=i 


and the frame condition follows from the frame condition of A and the boundedness of 

T. □ 

In the above proposition when T is unitary we obtain an interesting new class of 
frames. We present it next. 
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Theorem 4.8. Let U G GL{V^) be a unitary operator and F{ri^^, A,n) be a frame as in 
definition O- Define if^ = Urf^] i = 1,2, ...,n and A = UAUfi then F{fiq,A,n) is a 
rank n eontinuous frame. The frames F(r]^q, A, n) and F{ffq, A, n) are said to he unitarily 
equivalent and W{F(rjg, A,n)) = yV{F{f]^^, A,n)). 

Proof. From (j2.3p it is clear that 


(4.8) 


/ \%){%\dKQ) =^- 


i=l 


From proposition (I2.22|) we have 

^ < M{A)Ivr, 

therefore we readily obtain the frame condition, for G 


(4.9) 


m{A)\\(j)f <Y^ / \{fil\fi)\‘^dfi{q) < M{A)\\(j)\(^ 


2=1 


The equality of the frame widths is obvious. 


□ 


In proposition (14.6p we obtained a self-dual tight frame ^( 77 *, 7^.^, re) associated to the 
frame F{r]g, A,n). Is proposition ()4.6I) the only way to obtain a self-dual tight frame 
from a frame F[rfq, A,n)l We answer this in the next proposition. 

Proposition 4.9. Let U G GLiV^) be a unitary operator and F{ifj, A, re) be a frame as 
in definition (14.3p . Define r)® = U i = 1,2,.., re, then F{ffq, IyR,n) is a self-dual 

tight frame. 

Proof. Since U is unitary and is self-adjoint, from (12.31) . we have 

n « 

(4.10) / |r)®> ( 77*1 dyi{q) = UA-^/^A{UA-^/^)^ = UU^ = lyR, 

i=i 

and therefore F{fjg, Iy^,n) is self-dual and tight. □ 

Consider a frame F{r]'^^, A,n). For each g G HI consider the positive operator 

n 

(4.11) S{q) = '^\ri\){ri\\ 

2 = 1 


then the frame operator is / S{q)dyL{q) = A. A natural question arises. Is there more 

Ju 

than one set of linearly independent vectors for which ()4.1ip is satisfied? Indeed, for 
each g G H, the choice of linearly independent set {i7g}f=i is as large as the set 

of all re X re quaternionic unitary matrices. 


Theorem 4.10. Let ^( 77 ®,^,re) be a frame and S{q) is as in !i4.11\ ). Then is a 

linearly independent set of vectors for which 


s{q) = E 14 )({( 

2=1 


(4.12) 
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if and only if there exists a unitary matrix u{q) = {u{q)ij)nxn £ U{n,M) such that 

n 

(4.13) Cq = '^TlliU{q)ji\ i = l,2,...,n. 

i=i 

Proof. From the bra-ket convention on a right quaternionic Hilbert space we have 

WqUiQ)ji){r]qUiQ)ki\ = \r]l)u{q)jiu{q)ki{r]q\ 

n 

and from the unitarity of u{q) we also have ''^^u{q)iju{q)kj = dik- Therefore, if (14.1311 

i=i 

holds true then we have (I4.12p . Conversely suppose that is a linearly independent 

set and ()4.12p holds. Let (f € then from (I4.12p and ()4.11l) we have 

n n 

i=l i=l 

If we take q[ = (^*|())) G H and qi = {'rfq\(i)) G H, then we can write 

n n 

( 4 . 14 ) = 

i=l i=l 

Let 5'((7)1^ = and P{q) : 1^ —;► .^h be the projection operator. Then P{q)V^ 

can be spanned by both set of vectors and That is, and 

are two different bases for P{q)Vj^. Therefore, there exists an invertible matrix u{q) = 

n 

{u{q)ij)nxn such that Cq = '^'n{u{q)ji- Thus, for cj) G Hjf, we have 

j=0 

n 

i=i 

Therefore, by (I4.14p . u{q) is unitary. □ 


4.1. Frames and reproducing kernels. In this subsection we shall investigate links 
between rank n continuous frames and reproducing kernels. Using those links we shall 
also obtain equivalencies between various rank n continuous frames. Let 


= L|i„(H,/r) = < / : 


f{q) = {fi{q),-Jniq)), 


E 

i=l ' 


\fi{q)\'^dfi{q) < oo 


'H 


be a right quaternionic Hilbert space. 


Proposition 4.11. Let be a separable Hilbert space and F{r]q, A,n) be a rank n 
frame. Then 


(4.15) dehned by iyVr^f))i{q) = {r]q\(f))-, i = l,2,--- ,n 

is a bounded linear map. 

Proof. For 0i, 02 S Ijf and a, /3 G H, we have 

(77* |0ia + 020) = (?7ql0l)« + (??ql02)0; * = 1, 2, • • • , U. 
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For (j) G from the frame condition, we have 

n « 

wwnK. = E / < Mm't’f- 

i=i 

Therefore Wri is linear and bounded. □ 

Proposition 4.12. Let Wrj : — > ilH be as in (|4.15l) . Then the image = y^rjiV^) 

is a closed subspace of and therefore S)rj is itself a Hilbert space. 

Proof. From the theorem (4.2), for each (p G we have 

m{A)\\ct)f < 

and hence from proposition (2.13) the result follows. □ 


Note that ^ exists on the range S^rj of Wjy. An inner product and a norm on is 
given in the following proposition, (j4.14p . 


Proposition 4.13. Let be as in (I4.15p . A,n) be a rank n continuous frame in 
Vjf and = WriAW-y Then 

(a) A = wlWr,. 

(b) Ajj is self-adjoint and positive. 


Proof. For any given (p,ip G Vj^, we have 




n „ 

^ / {Wr,(t))i{q){Wri'4))i{q) d^i{q) 
i=l 

{<t>Wq)Wq\'^P)d^l{q) 

{(l)\A'p) = (A(/>|'0). 



Hence (a) follows. To prove the result (b), from the proposition (12.11) . it suffices to prove 
that, for each G | is real. Now for each 4> G 




This concludes the proof. 


(A>V"^$|>V^$) 

as A = WtW^ 

GM. 


□ 


Proposition 4.14. Let Wjj be as in (14.151) . F{rfq, A, n) be a rank n continuous frame in 
and Aj, = >V,,A>V“^. Then, for 4>, T G i5r?, 

(4A6) = ($|A-iT)i5^ 

is an inner product on 9)^ and if we take 11^^11^ = (4>|<k)^, then || • ||jy is a norm on 9)^. 
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Proof. Let <I>, G then 

= as A~^ is self-adjoint 

= 

Therefore, we have the conjugate symmetry. Linearity in the second argument and 
positive-definiteness can be easily verified from direct calculations. Hence the result 
holds. □ 


Proposition 4.15. Let ^ iin be as in (|4.15l) . Then >V,y is an isometric 

embedding. 


Proof. Theorem (|4.2p provides sufficient condition to have the injectivity and continuity 
of Wri. Since, for each (f) G V^, as H = wlWrj, we have 

\\Wr,m = = (cflWlA-^W.cf) = m) = Uf. 

Thus LV,, is an isometry. □ 

Remark 4.16. By definition, the operator is an isomorphism. 

Proposition 4.17. Let the assumptions of proposition (14.1411 hold, then 

(a) II • Hr; and || • are equivalent norms, 

(b) S^rj is closed with respect to the norm || • ||r;, 

(c) II • Hr;) is a Hilbert space. 


Proof. Let $ G .^r;- Then, by the Cauchy-Schwarz inequality, we have 

(4.17) H^ll' = (4>lV^)flM<llVllll‘^llL- 

Since there is a T G such that <1> = HjjT, by the proposition (|2.12l) . we have 

H^r;'I'HL ^ Pr;llilH(A4'|4')l;e- 

This implies that 

(4.18) 

The inequalities (14.171) and (14.181) prove (a). Part (a) together with the proposition (14.121) 
proves (b) and (c). □ 

Proposition 4.18. Let F{r]q, A,n) be a rank n continuous frame on Consider the 
map : El X H —). Mn{^), where Mn(Bl) is the set of all n x re quaternionic matrices, 
defined by K^{p,q) = {Kl'j{p,q))nxn with K^jip,q) = (ry* IH-^ry^); i,j = 1,2, ...,re. Then 
{p, q) is a reproducing kernel on Sjr^ and Sjr^ is the corresponding reproducing kernel 
Hilbert space. 


Proof. Using the definition of dual frame operator A ^ (see theorem 14.41) ). for all p,q,r G 
El, i,j = 1, 2,..., re, we can easily verify 


(a) Kl{q,q) > 0^_ 

(b) ^{p,q)=Kl{q,p), 

n « 

(c) / ^ikiP^^)KM^r)dp{q) 

k=i 


Kij{p,r) 
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The property (c) is called the reproducing property of the kernel. □ 

Note that the reproducing property (c) of proposition (j4.18p of the kernel has the 
effect of acting as the evaluation map for any vector $ £ 

Proposition 4.19. The map E'!^{q) : S)n —> H given by 

n 

(4.19) = Y, 
is linear and it is an evaluation map. 

Proof. For ^ and a, 13 £ H, it is straightforward that Fi*((7)(4>a + T/3) = 

Elj{q)^a + El^{q)'^j3. It is an evaluation map because for a hxed <7 £ El, the map Elj{q) 
sends each vector <I> £ to the value ^i{q) £ H. □ 

So far we have established the existence of a reproducing kernel corresponding to a 
quaternionic rank n continuous frame A,n) and the corresponding reproducing 

kernel Hilbert space ^n- Let us summerize it as follows. 

Definition 4.20. Let A,n) be a rank n continuous frame in then the n x n 

matrix valued function : BI x El —)• Mn(EI) defined by 

(4.20) K^{p,q) = = H\^~\))nxn 

is a reproducing kernel corresponding to the given frame and it is called the frame kernel. 


/ KlUq,p)^j{p)dfi{p) = 4>i(g) 

Jm 


Now we are in a position to establish various frame equivalencies using the associated 
reproducing kernels. 

Theorem 4.21. In a frame and its dual frame have the same reproducing kernel. 

Proof. Let F{pg,A,n) be a frame in and F{ffj,A~^,n) is its dual frame, that is 
rfj = A~^riq. Then for all p, 5 £ El, i,j = 1,2,..., n, as A is self-adjoint, we have 

K^j{p,q) = {r]p\A-^rfg) = (^^-^^1^-^^) = = Kl{p,q). 

Therefore = Rh. □ 

Theorem 4.22. Let F{pq,A,n) be a frame in Define F{ffq,A,n) with 

n 

Cq = Y * = 1 , 2 ,..., n, 

1=1 

where for q £ El, tt(( 7 ) = {u{q)ij)nxn is a unitary matrix as in 

(4.21) K^(j), q) = u{p)^K^(j), q)u{q). 

Proof. From theorem ()4.10p we have A = A. From the bra-ket convention of a right 
quaternionic Hilbert space, ()4.2ip follows as 

n n 

Kfjip,q) = = Y '^ki{p){Vp\A~^v'q)uij{q) = Y '>^ki{p)Kli{p,q)uij{q). 


4 . 13 ). Then 


Definition 4.23. Two frames F{pg, A,n) and F{eq, A,n) in are said to be gauge 
equivalent if their reproducing kernels are related by ()4.2ip and A = A. 
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Theorem 4.24. Let F{r]g,A, n) and A, n) he gauge equivalent frames in V-^. Then 
the reproducing kernel Hilbert space for the frame F{ff,,A,n) consists of vectors of 
the type 

(4.22) qem, u{q) = {u{q)ij)nxn is a unitary matrix as in 
and G the reproducing kernel Hilbert space of the frame F{r]'^,A,n). 

Proof. From proposition ()4.17p we have isometries W,, : 4)^ —> and : 4^ —> Sj^. 

Let 41 G then there exists f G such that W^cj) = ih. Further (f G implies 
= $ G therefore 

n n 

^i{q) = (>V^</>)i(9) = (Cgl'/>) = ^u{q)ji{r]l\(j)) = ^u{q)ji^j{q) = {u{q)^ ^{q))i. 

i=i i=i 

□ 

Theorem 4.25. Let F(fj'^, A,n) and F{jfq, A,n) be unitary equivalent frames in V^, 
then K^{p,q) = K^{p,q) and Sjrj = iji). 

Proof. Since the frames are unitary equivalent, there is a unitary operator U G GL{V^) 
such that r)® = C/ 77 ® and A = UAU^. Hence 

Kij{p,Q) = {hp\A-^vl) = {Ur]l,\UA-^U^Ur]l) = ( 77 ® 1 ^-^®) = K'^j{p,q). 

From the isometries W,, : 4^ —^ S^n and LVrj : Vjf —^ for $ G for some cj) G 4^, 

we have 

= {yVr)f))i{q) = (i?®|(()) = (C/r7®|(/>) = (77®|C/V) = 

for some as (p & 4^. Thus C and the other inclusion follows similarly. 

□ 

Definition 4.26. Two frames are said to be kernel equivalent in 4^ if their kernels are 
gauge related in the sense of (I4.21|) . 

From the above dehnition gauge equivalent frames are kernel equivalent. However, the 
converse not necessarily be true. The following theorem somewhat answers the converse. 

Theorem 4.27. LetT G GL{V^) andu{q) = {u{q)ij)nxn be a quaternion unitary matrix. 
For two frames F{fjq,A,n) and F{r]g,A,n) the relations 

n 

(4.23) i)® = J2('^hi)u{q)j^ and A = TAT^ 

j=0 

hold if and only if the frames are kernel equivalent. 

Proof. Suppose ()4.23p holds. Also note that (T^)”^ = (T"^)'*' (see Theorem 2.15 in |12]i. 
Then 

n 

k,l=l 

n n 

= 'a{p)ki{{Tr]^) I {T^)-^A-^T-^{Tr]^q))u{q)ij = Y '^iP)ki{Vp I A-^ri[)u{q)ij, 

k,l=l k,l=l 


4.13), 
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and therefore = u{p)^K'^{p,q)u{q). Conversely suppose that the frames are kernel 
equivalent. Therefore, there are n x n quaternion unitary matrices u{p) and u{q) such 
that = u{p)^{p, q)u{q) holds, and hence 




/ I I ^ ^^q)Mp) 

i=l 

n 

^{Tri\)u{q)ij, 


^ / Wp)u{p)ki{ril\A ^ri\)u{q)ijdp{p) 


i^k,l=l' 


1=1 


where T = / \'rfp)u{p)ki{Pp\A~^dp{p) is, obviously, a bounded operator on As 

u{q) is unitary, we have 

n ^ n « 

^ = X] / ='^ \{Trjlj)u{q)ii){{TT]’^)u{q)ki\dp{q) 


2 = 1 ' 
n 


i,k,l=l' 


T jj7fq)u{q)iiu{q)ki{riqW{q)T'^ =T'^ jJjfq){p\\dp{q)T^ = TAT'^. 

2 ,/,/c = l 


m 


2 = 1 


m 


Now let us show that T is invertible. For $,'!'£ the reproducing kernel Hilbert 
space {S)k = = ^ij), and 4>,ip ^ set Wpcf) = Wpij} = then 


{^\m 


where we have used 



{(p\%)uip)ki{r]p\A ^ip)dp{p) 


n « 

Y / (^»7^)*(p) u{p)ki{WqA~^'tjj)k{p)dp{p), 


{(plPp) = {yVp(l))i{p) and {pp\A V) = ^'ip)k{p)- 

Since Ap = WpAW~^ we have A~^Wp = yVpA~^. Further, we have(>V^j(/^))^(p) = {^fj)iip) 
and {A~^yVp'ilj)k = iA~^^p)kip). Therefore 

n « 

{(plTil;) =y2 (^v^)iip) u{p)ki{A~^Wpi^)k{p)dp{p) 

n « 

= Y (^v)i(P) u{p)ki{A~^^q)k{p)dp{p). 

n 

Since {^fj)i{p) and i = 1,2, ...,n define vectors in L|[„(1HI, d/i), 

k=l 

the last integral converges. Further u{p) is unitary, therefore from the expression of 
{7fp\A~^fil) we get 

n 

{Vp\A~Wq) = Y '^iP)ik{Vp\^~^p[)u{q)ij. 

k,l=l 
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By setting 


we see that 


Therefore 


= X] / KMp)ik{fip\A ^dn{p) 

^ 1 _1 H 


2,/c = l 


T'ffq ='^ \Vp)uip)ik{fip\A ^fi[)dfi{p). 


i,k=l ' 


Y^{T'flq)u{q)ij ='^ \VpMp)ik{qp\A ^ffq)u{q)ijdp{p) 
1=1 i,k,l=l 

n « 

= / dp){Vp\A~^ql)dp{p) =ql. 

i=l 

That is, we have 

n n 

(4.24) pl = ^{Tq\)u{q)ij and rf^ =^{T'p\)u{q)ij. 


1=1 


1=1 


Since {rfq \ i = 1,2,..., n; q ^ H} and { 77 * | z = 1,2,..., n; q ^ H} are total in 4^, (I4.24p 
implies that T' = T~^. □ 

Let be the set of all rank-n continuous frames in 4^. Define a relation ~ on by 

Fi ~ F 2 Fi and F 2 are kernel equivalent frames. 

Then it can easily be verified that ~ is an equivalent relation. For any fixed Fq G let 
[To] denotes the equivalent class of Fq. 

Definition 4.28. An equivalent class [Fq] is said to be self-dual if for a given Fi G [Fq] 
there exists F 2 G [Fq] such that F 2 is the dual of Fi. 

Proposition 4.29. Every class of kernel equivalent frames is self-dual. 

Proof. Fix Fq{p[^, A,n) and set rf^ = A~^Tfq. Then by theorem ()4.4p .F(Fg. A~^.n) is dual 
to Fq. The kernel equivalence follows as 

K^jiP,Q) = {%\Aril) = = {r]^p\A-^pl) = K'^j{p,q). 

That is K^{p,q) = u{p)^{p, q)u{q) with u{p) = u{q) = In, the n x n identity matrix. 

□ 


Theorem 4.30. Each kernel equivalence class contains a unique subclass of self-dual 
tight frames which can he generated by the joint action, on any fixed member of this 
subclass, of the set of all n x n unitary matrices, U{n,II), and the set of all unitary 
operators, IA{V^). 

Proof. Fix F{pg,A,n) a rank-n frame. Let u{q) G U{n,II), U G UfV^), 

and 

n 

iq = ^iU'VqMq)ji- 

j=0 


(4.25) 
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Then 






\Ufil)u{q)jiu{q)ki{Ufi^\dn{q) 


n « 

i=l 



and 


*■«(?. 9 ) 


k,l=l 

n n 

Y u{q)ki{{Ufi’^)\iUfj^g))u{q)ij = Y '^iQ)ki{'nq\'nq)uiQ)lj 

k,l=l k,l=l 

n n 

Y '^id)ki{Vq\A~^Vq)uiQ)lj = Y '^^(l)kiKll{P^Q)u{q)lj- 

k^l=\ k^l=l 


Therefore S = {F(^*,Iy^,n) | is given by (I4.25p }r [F{rfg,A,n)] and the class © is 
self-dual and tight. □ 

Definition 4.31. Two frames F{r]g, A,n) and F{fjg, A,n) are said to be bundle equiva¬ 
lent if there exists a rank-n operator T{q), g £ H on 1^ such that 

n 

(4.26) fi\ = Yidd{qWq)u{q)ji- 

i=i 


Note that in the above definition we do not impose any connection between A and A. 
In this regard, this kind of equivalence is different from kernel equivalence. In fact, we 
do not necessarily have any connection between the corresponding reproducing kernels. 

Theorem 4.32. Two bundle equivalent frames F{r]g, A,n) and F{fjg, A,n) are kernel 
equivalent if there exists T G GL(Vjif) such that T{q) = TP{q) and A = TAT\ where 
P{q) is the projection operator onto the range of S{q), the operator as in equation 

Proof. Consider 

n 

Klip^q) = ^^®“(rP(p),7p"|(rt)-M-ir-iTP(g)r?^)u(g)z, 

k,l=l 

n n 

= Y '^iP)ki{Pip)Vp\A~^Piq)Vq)u{q)lj = Y '^iP)ki{Vp\A~^dq)u{q)ij 

k,l=l k,l=l 


as P{q) is a projection operator and {ry* | i = 1, 2,..., n} is a linearly independent set. □ 
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